For a fixed positive integer n and an r-uniform hypergraph H, the Turán number ex(n, H) is the maximum number of edges in an H-free r-uniform hypergraph on n vertices, and the Lagrangian density of H is defined as π λ (H) = sup{r!λ(G) : G is an H-free r-uniform hypergraph}, where λ(G) = max{ e∈G i∈e xi : xi ≥ 0 and i∈V (G xi = 1} is the Lagrangian of G. For an r-uniform hypergraph H on t vertices, it is clear that π λ (H) ≥ r!λ(K r t−1 ). Let us say that an r-uniform hypergraph H on t vertices is perfect if π λ (H) = r!λ(K r t−1 ). A result of Motzkin and Straus imply that all graphs are perfect. It is interesting to explore what kind of hypergraphs are perfect. Let Pt = {e1, e2, . . . , et} be the linear 3-uniform path of length t, that is, |ei| = 3, |ei ∩ ei+1| = 1 and ei ∩ ej = ∅ if |i − j| ≥ 2. We show that P3 and P4 are perfect, this supports a conjecture in [24] proposing that all 3-uniform linear hypergraphs are perfect. Applying the results on Lagrangian densities, we determine the Turán numbers of their extensions.
Introduction
For a positive integer n, let [n] denote {1, 2, . . . , n}. An r-uniform hypergraph or r-graph G consists of a set V (G) of vertices and a set E(G) ⊆ V (G) (r) of edges. A 2-graph is called a simple graph. We write G for E(G) sometimes. An edge e = {a 1 , a 2 , . . . , a r } will be simply denoted by a 1 a 2 . . . a r . An r-graph F is a subgraph of an r-graph G, denoted by F ⊆ G, if V (F ) ⊆ V (G) and E(F ) ⊆ E(G). Given an r-graph G and U ⊆ V (G), the induced subgraph G[U ] is the r-graph with vertex set U and edge set {e ∈ G : e ⊆ U }. Let K r t denote the complete r-graph on t vertices, and K r− t be removing one edge from K r t . A hypergprah H covers pairs if every pair of vertices is contained in some edge of H. The extension of an r-graph F , denoted by H F , is defined as follows. For each pair of vertices v i , v j ∈ V (F ) not covered in F , we add a set B ij of r − 2 new vertices and the edge {v i , v j } ∪ B ij , where all B ij are pairwise disjoint over all such pairs {i, j}.
Given an r-graph F , an r-graph G is called F -free if it does not contain a copy of F as a subgraph. For a fixed positive integer n and an r-graph F , the Turán number of F , denoted by ex(n, F ), is the maximum number of edges in an F -free r-graph on n vertices. Determining the value ex(n, F ) for a general r-graph F is a challenging problem in extremal combinatorics. For simple graphs, Erdős, Stone and Simonovits determined the asymptotic value of Turán numbers of all graphs except bipartite graphs. Very few results are known for hypergraphs and a survey on this topic can be found in Keevash's survey paper [11] . Lagrangian method has been a helpful tool for hypergraph Turán problem. We now proceed to define the Lagrangian of an r-graph. Definition 1.1 Let G be an r-graph on [n] and let x = (x 1 , . . . , x n ) ∈ [0, ∞) n , define λ(G, x) = e∈G i∈e
Denote ∆ n = { x = (x 1 , x 2 , . . . , x n ) ∈ [0, ∞) n : x 1 + x 2 + · · · + x n = 1}.
The Lagrangian of G, denoted by λ(G), is defined as
The value x i is called the weight of the vertex i and a vector x ∈ ∆ n is called a feasible weight vector on G. A vector y ∈ ∆ n is called an optimum weight vector on G if λ(G, y) = λ(G).
In [13] , Motzkin and Straus established a connection between the Lagrangian of any given 2-graph and it's maximum complete subgraphs.
Theorem 1.2 ([13])
If G is a 2-graph in which a maximum complete subgraph has t vertices, then
Given an r-graph F , the Lagrangian density π λ (F ) of F is defined as π λ (F ) = sup{r!λ(G) : G is an F -free r-graph}.
The Lagrangian density of an r-graph is closely related to its Turán density.
Proposition 1.3 ([18, 17])
Let F be an r-graph. Then (i) π(F ) ≤ π λ (F ); (ii) π(H F ) = π λ (F ). In particular, if F covers pairs, then π(F ) = π λ (F ).
Earlier applications of Lagrangians of hypergraphs include that Frankl and Rödl [5] applied it in disproving the long standing jumping constant conjecture of Erdős. Sidorenko [19] , and Frankl and Füredi [4] applied Lagrangians of hypergraphs in finding Turán densities of hypergraphs, generalizing work of Motzkin and Straus [13] , and Zykov [25] . More recent developments of the method were obtained by Pikhurko [17] and in the papers [7, 14, 2, 15, 9] . In addition to its applications, it is interesting in its own right to determine the maximum Lagrangian of r-graphs with certain properties. For example, a challenging conjecture of Frankl and Füredi [4] considers the question of determining the maximum Lagrangian among all r-graphs with the fixed number of edges. Talbot [20] made some breakthrough in confirming this conjecture for some cases. Subsequent progress in this conjecture were made in the papers of Tang, Peng, Zhang and Zhao [21] , Tyomkyn [22] , and Lei, Lu and Peng [12] . Recently, Gruslys, Letzter and Morrison [6] confirmed this conjecture for r = 3 and the number of edges is sufficiently large. In this paper, we focus on the Lagrangian density of an r-graph F . For an r-graph H on t vertices, it is clear that π λ (H) ≥ r!λ(K r t−1 ). Let us say that an r-graph H on t vertices is perfect if π λ (H) = r!λ(K r t−1 ). Theorem 1.2 implies that all 2-graphs are perfect. It is interesting to explore what kind of hypergraphs are perfect. Sidorenko [19] showed that the (r − 2)-fold enlargement of a tree with order greater than some number A r is perfect. Hefetz and Keevash [7] showed that a 3-uniform matching of size 2 is perfect. Jiang, Peng and Wu [10] verified that any 3-uniform matching is perfect. Pikhurko [17] , and Norin and Yepremyan [15] showed that an r-uniform tight path of length 2 is perfect for r = 4 and r = 5 or 6 respectively. Jenssen [9] showed that a path of length 2 formed by two edges intersecting at r − 2 vertices is perfect for r = 3, 4, 5, 6, 7. An r-graph is linear if any two edges have at most 1 vertex in common. Hu, Peng and Wu [8] , and Chen, Liang and Peng [3] showed that the disjoint union of a 3-uniform linear path of length 2 or 3 and a 3-uniform matching, and the disjoint union of a 3-uniform tight path of length 2 and a 3-uniform matching are perfect. Yan and Peng [24] showed that the 3-uniform linear cycle of length 3 ({123, 345, 561}) is perfect, and F 5 ({123, 124, 345}) is not perfect (by determining its Lagrangian density). Bene Watts, Norin and Yepremyan [1] showed that an r-uniform matching of size 2 is not perfect for r ≥ 4 confirming a conjecture of Hefetz and Keevash [7] . Wu, Peng and Chen [23] showed the same result for r = 4 independently. Though an r-uniform matching of size 2 is not perfect for r ≥ 4, we think that an r-uniform matching with large enough size is perfect. Yan and Peng proposed the following conjecture in [24] .
Conjecture 1.4 ([24])
For r ≥ 3, there exists n such that a linear r-graph with at least n vertices is perfect.
A natural and interesting question is whether a linear hyperpath perfect? Let P t = {e 1 , e 2 , . . . , e t } be the 3-uniform linear path of length t, that is, |e i | = 3, |e i ∩ e i+1 | = 1 and e i ∩ e j = ∅ if |i − j| ≥ 2. We show that P 3 and P 4 are perfect in this paper. In the joint work with Jiang [10] , we applied the fact that left-compressing an M r t -free r-graph yields an M r t -free r-graph, where M r t is an r-uniform matching of size t. In general, left-compressing a P t -free 3-graph may not result in a P t -free 3-graph. However, we manage to prove that left-compressing a dense P t -free 3-graph will result in P t -free 3-graph for t = 3 or 4 by structural analysis, and determine the Lagrangian density of P 3 , and P 4 .
In the next section, we give some useful properties of the Lagrangian function. In Section 3, we prove that left-compressing a P 3 -free 3-graph (P 4 -free 3-graph) that covers pairs results in a P 3 -free (P 4 -free) 3-graph, and show that P t is perfect for t = 3 or 4. In Section 4, we give the Turán numbers of their extensions by using a similar stability argument for lager enough n as in [17] and several other papers.
Some properties of the Lagrangian function
In this section, we develop some useful properties of Lagrangian functions. The following fact follows immediately from the definition of the Lagrangian.
Given an r-graph G and a vertex i ∈ V (G), the link of i in G, denoted by L G (i), is the (r − 1)-graph with edge set e ∈ V (G)\{i} r−1
: e ∪ {i} ∈ E(G) . We will drop the subscript G when there is no
and define the compression of j to i as
We say G on vertex set [n] is left-compressed if for every i, j,
By the definition of π ij (G), it's straightforward to verify the following fact.
This is equivalent to that no coordinate in all optimum weight vector is zero.
Fact 2.3 ([5])
If G is a dense r-graph then G covers pairs.
Let G be an r-graph on [n] and x = (x 1 , x 2 , . . . , x n ) be a weight vector on G. If we view λ(G, x) as a function in variables x 1 , . . . , x n , then
. . , y n ) be defined by letting y ℓ = x ℓ for every ℓ ∈ [n] \ {i, j} and letting
Furthermore, if the pair {i, j} is contained in some edge of G and λ(G, y) = λ(G, x), then
If the pair {i, j} is contained in some edge of G, then equality holds only if
The following facts are consequences of Lemma 2.5.
Recall that K r− t is the r-graph by removing one edge from K r t . Proof. Let x = (x 1 , . . . , x 6 ) be an optimum weighting of K 3− 6 . By Lemma 2.5, we can assume that
3 ) < 0.0887.
Proof. Let x = (x 1 , . . . , x 8 ) be an optimum weighting of K 3− 8 . By Lemma 2.5, we can assume that
The following result in [16] is useful for determining the Lagrangian of some hypergraph containing a large clique. 
3 The Lagrangian densities of P 3 and P 4 We first study a property of dense 3-graphs.
Lemma 3.1 Let i = 1 or 2. Let F be a dense 3-graph with n ≥ 6 − i vertices. Then there are e 1 , e 2 ∈ F such that |e 1 ∩ e 2 | = i.
Proof. By Fact 2.3, F being dense implies that F covers pairs. For i = 1, since n ≥ 5 and F covers pairs, it is easy to see that F has at least two edges. Let e, f ∈ F . Let a ∈ e \ f and b ∈ f \ e. Since F covers pairs, there exists one an edge g ∈ F such that a, b ∈ g. Hence either |e ∩ g| = 1 or |f ∩ g| = 1 (or both).
For i = 2. Let x = (x 1 , x 2 , . . . , x n ) be an optimum weighting of F . Note that x i > 0 for all i ∈ [n]. Suppose for any edge pair e 1 , e 2 ∈ F , |e 1 ∩ e 2 | = 0 or 1. This implies that for every pair i, j ∈ V (F ), {i, j} is contained in at most one edge of F . Then for every pair i, j ∈ V (F ), x i x j appears in at most one of
By Fact 2.4,
. Note that F contains at least one edge, so by Fact 2.1, λ(F ) ≥ Denote T 2 = {123, 124} and F 5 = {123, 124, 345}. Note that F 5 = H T2 and the following result in [19, 2] is a consequence of the above.
Furthermore, for any F -free and
* is a copy of some subgraph of K 3.1 Left-compressing P 3 -free 3-graphs covering pairs Lemma 3.3 Let F be a P 3 -free 3-graph with n ≥ 6 vertices that covers pairs.
Proof. Suppose for the contrary that there is a copy of P 3 , denoted by P , such that P ⊆ π ij (F ). By the definition of π ij (F ), for every edge f ∈ π ij (F ) with {i, j} ⊆ f , f ∈ F ; for every edge f ∈ π ij (F ) with j ∈ f and i / ∈ f , f and (f \ {j}) ∪ {i} ∈ F . Since F is P 3 -free, there is e ∈ P such that e / ∈ F and (e \ {i}) ∪ {j} ∈ F . There are two cases according to the degree of i in P . Case 1. d P (i) = 1. There are two subcases according to the degree of j in P .
∈ e} (i.e., exchange i and j in P ) is a copy of P 3 in F , a contradiction. Case 2. d P (i) = 2. There are three subcases according to the degree of j in P . Subcase 2.1. d P (j) = 2. We may assume P = {abi, icj, jdf }. Then abj ∈ F and idf ∈ F . So {abj, jci, idf } forms a copy of P 3 in F , a contradiction. Subcase 2.2. d P (j) = 1. If ij is contained in some edge f of P , then {(e \ {i}) ∪ {j}, f, g} forms a copy of P in F , where g ∈ P \ {e, f }, a contradiction. Now assume that P = {abi, icd, df j}. If abj ∈ F , then we get a contradiction that {abj, df j, icd} forms a copy of P 3 in F . Otherwise jcd ∈ F . Note that df i ∈ F . Then we get a contradiction that {abi, if d, dcj} forms a copy of P 3 in F . Subcase 2.3. d P (j) = 0. We can assume that P = {abi, icd, dgh}. If both abj, jcd are in F , then {abj, jcd, dgh} forms a copy of P 3 in F , a contradiction. Otherwise we get a copy of
Next, suppose that F is K 3 6 -free. Since F covers pairs, {i, j} is contained in some edge g of F . Suppose for contradiction that π ij (F ) contains a copy K of K 3 6 . Clearly V (K) must contain i. If V (K) also contains j then it is easy to see that K also exists in F , contradicting F being K 3 6 -free. All the edges in K not containing i also exist in F . Without loss of generality assume that [4] ⊆ V (K) \ g. Thus {123, 34i, g} or {123, 34j, g} forms a copy of P 3 in F , a contradiction.
Left-compressing P 4 -free 3-graphs covering pairs
Denote F 1 as the 3-graph with the union of two disjoint P 2 's, F 2 as the 3-graph with the union of disjoint P 1 and P 3 , and F 3 as the 3-graph with vertex set
The following lemma is vital for the proof of the Lagrangian density of P 4 and its proof is postponed to Subsection 3.4. Lemma 3.4 If F be a P 4 -free 3-graph with n ≥ 9 vertices that covers pairs, then F is F 1 -free and
Lemma 3.5 Let F be a P 4 -free 3-graph with n ≥ 9 vertices that covers pairs.
Proof. The proof is similar to Lemma 3.3. Suppose for the contrary that there is a copy of P 4 , denoted by P ′ , such that P ′ ⊆ π ij (F ). Since F is P 4 -free then there is e * ∈ P ′ such that i ∈ e * , e * / ∈ F and (e * \ {i}) ∪ {j} ∈ F .
There are two subcases: P ′ = {abi, icd, def, f gh} or P ′ = {abc, cdi, ief, f gh}.
First we consider P ′ = {abi, icd, def, f gh}. If both abj, jcd ∈ F , then {abj, jcd, def, f gh} forms a copy of P 4 in F , a contradiction. Otherwise we get {abi, jcd, def, f gh} or {abj, icd, def, f gh} in F , which is isomorphic to F 2 . By Lemma 3.4, this is a contradiction. Suppose P ′ = {abc, cdi, ief, f gh}. If both cdj, jef ∈ F , then {abc, cdj, jef, f gh} forms a copy of P 4 in F , a contradiction. Otherwise we get {abc, cdi, jef, f gh} or {abc, cdj, ief, f gh} in F , which is isomorphic to F 1 . By Lemma 3.4, this is a contradiction.
F , a contradiction. Otherwise then P ′ = {abi, icd, djf, f gh} or {abi, icd, df g, gjh} or {jab, bci, idf, f gh}.
Denote the edges e 1 , e 2 , e 3 ∈ P ′ such that i ∈ e 1 , e 2 and j ∈ e 3 . If both (e 1 \{i})∪{j}, (e 2 \{i})∪{j} ∈ F , then {(e 1 \ {i}) ∪ {j}, (e 2 \ {i}) ∪ {j}, (e 3 \ {j}) ∪ {i}} ∪ (P \ {e 1 , e 2 , e 3 }) forms a copy of P 4 in F , a contradiction. So assume exactly one of (e 1 \ {i}) ∪ {j}, (e 2 \ {i}) ∪ {j} is not in F . For P ′ = {abi, icd, df j, f gh}, if abj ∈ F then {abj, icd, df j, f gh} forms a copy of F 3 in F , by Lemma 3.4, this is a contradiction. If jcd ∈ F then {df i, jcd, f gh, abi} forms a copy of F 3 in F , a contradiction. For P ′ = {abi, icd, df g, jgh}, if abj ∈ F then {icd, df g, jgh, abj} forms a copy of P 4 in F , a contradiction. If jcd ∈ F then {jcd, df g, ghi, iab} forms a copy of P 4 in F , a contradiction. For P ′ = {abj, ibc, idf, f gh}, if jbc ∈ F then {jbc, abi, idf, f gh} forms a copy of P 4 in F , a contradiction. If jdf ∈ F then {abj, bci, jdf, f gh} forms a copy of P 4 in F , a contradiction. Subcase 3. d P ′ (j) = 2. If {i, j} is contained in some edge e 4 of P ′ , denote the edge of P ′ containing i but not j as e 5 , the edge of P ′ containing j but not i as e 6 , and the edge of P ′ containing neither i nor j as e 7 , then {(e 6 \ {j}) ∪ {i}, e 7 , e 4 , (e 5 \ {i}) ∪ {j}} forms a copy of P 4 in F , a contradiction. Otherwise we can assume that P ′ = {abi, icd, dej, jf g}. If both abj, jcd in F , then {abj, jcd, dei, if g} forms a copy of P 4 in F , a contradiction. If abj / ∈ F and jcd ∈ F , then {abi, dei, jcd, jgh} forms a copy of P 4 in F , a contradiction. Otherwise abj ∈ F and jcd / ∈ F , then {abj, dej, icd, if g} forms a copy of P 4 in F , a contradiction.
Next, suppose that F is K 3 8 -free. Since F covers pairs, {i, j} is contained in some edge g * of F .
Suppose for contradiction that π ij (F ) contains a copy K of K 3 8 . Clearly, V (K) must contain i. If V (K) also contains j then it is easy to see that K also exists in F , contradicting F being K 3 8 -free. By our assumption, V (K) contains at least 6 vertices outside g * . Without loss of generality assume that
, 345, 56j, g * } forms a copy of P 4 in F , a contradiction.
3.3 Lagrangian densities of P 3 and P 4
We will perform the following algorithm in the proof of Theorem 3.7. In the algorithm, t = 3 or 4. Output: A P t -free 3-graph G ′ that is dense and left-compressed, and satisfies that λ(G ′ ) ≥ λ(G).
Step 1. If G is dense then let G ′ = G and go to Step 2. Otherwise replace G by a dense subgraph G ′ with the same Lagrangian and go to Step 2.
Step 2. Let x = (x 1 , . . . , x n ) be an optimum weighting of G ′ . Assume that
since otherwise we can relabel the vertices. If G ′ is left-compressed then terminate. Otherwise there exist vertices i, j, where i < j, such that L G ′ (j \ i) = ∅, then replace G ′ by π ij (G ′ ) and go to step 1.
Note that the algorithm terminates after finite many steps. By Lemma 3.3 or 3.5 and Fact 2.2. The output of the algorithm G ′ is a dense and left-compressed P t -free 3-graph with Lagrangian at lest λ(G).
Furthermore, for any P t -free and
Proof.
Let t = 3 or 4. Let F be a P t -free 3-graph with with λ(F ) ≥ λ(K 3 
). Now suppose that n ≥ 2t + 1. We use induction on t ≥ 2. The base case t = 2 is guaranteed by Lemma 3.2. Suppose that the result holds for t − 1. Let x = (x 1 , . . . , x n ) be an optimum weighting of G. Denote L(1) = {e ∈ G : 1 ∈ e}. Then
2 . For the second term, we divide it into two cases according to t = 3 or 4. 
Note that by Fact 2.6 and 2.8, we have λ(K and we are done for the case t = 3. Case t = 4. We claim that G[ [2, n] ] is P 3 -free. Otherwise suppose that there is a copy of P 3 , denoted by P ′ , in G[ [2, n] ]. Since n ≥ 9 and |V (P ′ )| = 7, there is v ∈ {2, . . . , n} \ V (P ′ ). Let u ∈ V (P ′ ) such that d P ′ (u) = 1. Since G covers pairs and G is left-compressed, we have 1(n − 1)n ∈ G. Then 1uv ∈ G. Hence P ′ ∪ {1uv} forms a copy of P 4 in G, a contradiction. 
Let H be a dense subgraph of G[[2, n]] with λ(H) = λ(G[[2, n]]
λ(G) = λ(L(1), x) + λ(G[[2, n]], x) ≤ 1 2 x 1 (1 − x 1 ) 2 + 2 25 (1 − x 1 ) 3 = 1 100 1 21 2 (21 − 21x 1 ) 2 (42x 1 + 8)
Proof of Lemma 3.4
Given a 3-graph F that covers pairs and a, b ∈ V (F ), let Cover(a, b) denote the property that {a, b} is covered by F and N ab = {v ∈ V (F ) : abv ∈ F }. We repeatly use the property that F covers pairs to prove Lemma 3.4.
Lemma 3.4. Let F be a P 4 -free 3-graph with n ≥ 9 vertices that covers pairs. Then F is F 1 -free and
Proof. Note that since F covers pairs, we have N uv = ∅ for every pair of vertices u, v ∈ V (F ). (ii) Suppose that F contains a copy of F 2 , denoted as a 2 , a 3 , c 1 , c 2 , c 3 , c 4 ,
. Cover(c 2 , c 3 ) implies that either c 1 c 2 c 3 ∈ F or c 2 c 3 c 4 ∈ F . Indeed, a i / ∈ N c2c3 for each i ∈ [3] , otherwise without loss of generality suppose that c 2 c 3 a 1 ∈ F , then {a 1 a 2 a 3 , a 1 c 2 c 3 , c 3 c 4 
, otherwise without loss of generality assume that c 2 c 3 b 1 ∈ F , then {b 0 b 1 b 2 , b 1 c 2 c 3 , c 3 c 4 a 3 , a 3 a 2 a 1 } forms a copy of Consider the property Cover(a 1 , b 0 ). a 2 , a 3 / ∈ N a1b0 , otherwise by symmetry, assume that
, otherwise by symmetry, assume that
Hence {a 1 , b 0 } is not covered by any edge of F , which contradicts that F covers pairs.
Case 2. c 1 c 2 a i or c 3 c 4 a i / ∈ F for some i ∈ [3] . Without loss of generality assume that c 1 c 2 a 1 / ∈ F . Consider the property Cover(a 1 , c 1 
contradiction. Similarly, N a1c2 = {b 2 }. We claim that c 3 c 4 a 2 , c 3 c 4 a 3 / ∈ F ; otherwise without loss of generality assume that c 3 c 4 a 2 ∈ F , then {c 3 c 4 a 2 , a 3 a 2 a 1 , a 1 c 1 b 2 , b 1 b 2 b 3 } forms a copy of P 4 in F , a contradiction.
Hence c 1 c 2 a 1 / ∈ F implies that a 1 c 1 b 2 , a 1 c 2 b 2 ∈ F and c 3 c 4 a 2 , c 3 c 4 a 3 / ∈ F . Similarly, c 3 c 4 a 2 , c 3 c 4 a 3 / ∈ F imply c 1 c 2 a 3 , c 1 c 2 a 2 / ∈ F and c 1 c 2 a 2 / ∈ F implies that c 3 c 4 a 1 / ∈ F . Thus c 1 c 2 a i , c 3 c 4 a i / ∈ F for each i ∈ [3] . Then N aicj = {b kj } for every i ∈ [3], j ∈ [4] , where k 1 , k 2 = 2 and k 3 , k 4 = 1. Thus
claim is a simple consequence of F being P 4 -free. We claim that xb 1 b 2 , xc 1 c 2 , xd 1 d 2 / ∈ F . To prove this, we first assume that there are at least two of 3 , a 3 a 1 a 2 , a 2 c 1 c 2 } forms a copy of P 4 in F , a contradiction. Similarly, all b 2 , c 1 , c 2 and the vertices in V (F ) \ (V (F 3 ) ∪ {x}) (if there exists) are not in N xd2 . If a 3 ∈ N xd2 , then {b 1 b 2 x, xd 2 a 3 , a 1 a 2 a 3 , a 2 c 1 c 2 } forms a copy of P 4 in F , a contradiction. If a 1 ∈ N xd2 , then {b 1 b 2 x, xd 2 a 1 , a 1 a 2 a 3 , a 2 c 1 c 2 } forms a copy of P 4 in F , a contradiction. Similarly, a 2 / ∈ N xd2 . Hence N xd2 = {d 1 }. Now we show that {b 2 , c 2 } is not covered by any edge of F and we get a contradiction. b 1 / ∈ N b2c2 since otherwise {d 2 d 1 a 3 , a 3 a 1 a 2 , a 2 c 1 c 2 , b 1 b 2 c 2 } forms a copy of P 4 in F , a contradiction. Similarly, all c 1 and the vertices in V (F ) \ (V (F 3 ) ∪ {x}) (if there exists) are not in N b2c2 . a 1 / ∈ N b2c2 since otherwise {b 1 b 2 x, b 2 c 2 a 1 , a 1 a 2 a 3 , a 3 d 1 d 2 } forms a copy of P 4 in F , a contradiction. Similarly, a 2 / ∈ N b2c2 . a 3 / ∈ N b2c2 since otherwise {d 1 d 2 x, b 1 b 2 x, b 2 c 2 a 3 , a 1 a 2 a 3 } forms a copy of P 4 in F , a contradiction. d 1 / ∈ N b2c2 since otherwise {b 1 b 2 x, b 2 c 2 d 1 , a 3 d 1 d 2 , a 1 a 2 a 3 } forms a copy of P 4 in F , a contradiction. Similarly, d 2 / ∈ N b2c2 . Thus, {b 2 , c 2 } is not covered by any edge of F , a contradiction. Now assume that there is exactly one of xb 1 b 2 , xc 1 c 2 , xd 1 d 2 in F . Without loss of generality assume that xb 1 b 2 ∈ F and xc 1 c 2 , xd 1 d 2 / ∈ F . Consider the property Cover{x, c 2 }. b 1 / ∈ N xc2 since otherwise {d 2 d 1 a 3 , a 3 a 1 a 2 , a 2 c 1 c 2 , c 2 
∈ F . Now we claim that for every A ∈ {xb i a 2 , xb i a 3 , xc i a 1 , xc i a 3 , xd i a 1 , xd i a 2 : i ∈ [2]}, we have A / ∈ F . By symmetry, suppose that xb 2 a 2 ∈ F . Consider the property Cover{b 1 , c 1 }. We first show that all d 1 , d 2 , a 3 are not in N b1c1 ; otherwise, denote such an edge by e, then {xb 2 a 2 , a 2 c 1 c 2 , e, d 1 d 2 a 3 } forms a copy of P 4 in F , a contradiction. Similar to the above b 1 / ∈ N b2c2 , we have b 2 / ∈ N b1c1 . Similarly, c 2 and the vertices in V (F ) \ (V (F 3 )) are not in N b1c1 . Hence we have
∈ N xd1 since otherwise {xd 1 a 3 , xb 2 a 2 , a 2 c 1 c 2 , b 1 c 2 a 1 } forms a copy of P 4 in F , a contradiction. Thus {x, d 1 } is not covered in any edge of F , a contradiction. 2 a 3 , xd 1 a 3 , xb 2 a 2 , a 1 b 1 b 2 } forms a copy of P 4 in F , a contradiction. Thus {x, d 1 } is not covered in any edge of F , a contradiction.
Now consider the property Cover{c
Hence for every A ∈ {xb i a 2 , xb i a 3 ,
∈ N xy for some vertex not in V (F ′′ ) ∪ {x}since otherwise xyz connects to the endpoint of a linear path of 3 in F ′′ and we get a copy of P 4 in F , a contradiction. Hence
. Consider the property Cover(b 2 , c 2 ). We have proved that
We deduce the value λ(F ). Denote
. Let x be an optimum weighting of G. By Lemma 2.5, we can assume that
Let L(x, y, γ) = x 3 + 8y 3 + 18x 2 y + 45xy 2 − γ(3x + 6y − 1). Then 
Turán numbers of the extensions
If L is a hypergraph on [t], then a blowup of L is a hypergraph G whose vertex set can be partitioned into 
for sufficiently large n. Moreover, if n is sufficiently large and G is an
To prove the theorem, we need several results from [2] . Similar results are obtained independently in [15] . Let K Given an r-graph G and a real α with 0 < α ≤ 1, we say that G is α-dense if G has minimum degree at least α
. Let i, j ∈ V (G), we say i and j are nonadjacent if {i, j} is not contained in any edge of G. Given a set U ⊆ V (G), we say U is an equivalence class of G if for every two vertices u, v ∈ U , L G (u) = L G (v). Given two nonadjacent nonequivalent vertices u, v ∈ V (G), symmetrizing u to v refers to the operation of deleting all edges containing u of G and adding all the edges {u} ∪ A, A ∈ L G (v) to G. We use the following algorithm from [2] . Initiation: 
Otherwise let L = G i+1 and repeat the following: let z be any vertex of minimum degree in L. Redefine L = L − z unless in forming G i+1 from H i we symmetrized the equivalence class of some vertex v in H i to some vertex in the equivalence class of z in H i . In that case, we redefine L = L − v instead. Repeat the process until L becomes either α-dense or empty. Let H i+1 = L. We call the process of forming H i+1 from G i+1 "cleaning". Let Z i+1 denote the set of vertices removed, so H i+1 = G i+1 − Z i+1 . By our definition, if H i+1 is nonempty then it is α-dense.
Theorem 4.4 ([2])
Let m, r ≥ 2 be positive integers. Let F be an r-graph that has at most m vertices or has m + 1 vertices one of which has degree 1. There exists a real γ 0 = γ 0 (m, r) > 0 such that for every positive real γ < γ 0 , there exist a real δ > 0 and an integer n 0 such that the following is true for all n ≥ n 0 . Let G be an K The following proposition follows immediately from the definition and is implicit in many papers (see [11] for instance).
Proposition 4.6 Let r ≥ 2. Let L be an r-graph and G be a blowup of L. Suppose |V (G)| = n. Then |G| ≤ λ(L)n r .
Theorem 4.1 follows from the following Lemma, which is implicit in [2] and [15] . is m-stable, consequently ex(n, H Proof. Let ε > 0 be given. Let δ, n 0 be the constants guaranteed by Theorem 4.4. We can assume that δ is small enough and n 0 is large enough. Let γ > 0 satisfy γ < ε and δ + rγ < ǫ. Let G be a K 
